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Linear block codes
Algebraic code construction; definitions

Linear vector space /: The space is closed for linear operations (addition, multiplication).
B+ T =T; V0,0 €V
Code space 5, called Code: The valid code vectors are constituent parts of a linear subspace
within a linear vector space.
Vi: G € C cV 011 111

E.g. ® Vectors yes, but @ vectors not Ci/‘
001 101

Linear independent part of a space:

_ C2
2 G #0; 010
z ) 110
E.g. every two but not three @, except 0 000 .

101+011=110, de 101+011+110=000 0 1

Base of C : A such set of linear independent g; vectors, of which ones linear combination
(weighted sum, weighted with the message symbols) generates every valid code vectors.



Linear block codes
Algebraic code construction; definitions

Base of 5‘; Base of a Code; Generator matrix G:

K g1
— _ —_ = |92 - = .7
Ci—zuik'gk—ui' Sl=uw-G
fe=1 Ik

Basis vectors: g;; The Generator matrix G is the column vector of the basis vectors.

Because the space should be closed we need such linear arithmetic operations that
not points out from the finite vector space. SO we need a finite mathematical field.
Evariste Galois

& 2 bR |

Galois Field, GF(q), finite g number of elements (symbols).
The size of the field is g either a prime number or power of prime.

GF(g), g=p orp™



Galois Field, GF(q)

The elements of the field (symbols such as Arabic symbols for numbers):

GF(q) =1{0,1,2,..,q — 1}
Arithmetic operations over prime-size GF(g=p) Galois field:
Operations, a,b € GF(q):

Addition Multiplication

a b=a+bmodq a*b=a-bmodq
Properties of operations:
Closed: a@ b=ceGF(q) a*b=ceGF(q)
Commutative:a @ b=b P a axb=Db=x*a
Associative: (a@b)@Pc = aP(bPc) distributive: (a*xb)*c=a*(b*c)
1 null-element, 0:a @ 0=a 3 unit-element, 1:a*x1=a
Invers: a@b=0;a=-b axb=1;a=1/b

The order of an elementa # 0 € GF(q) is the smallest x, whicha* =a*ax*--xa=1

X
Primitive element a, which order x=g-1, thus 971 = 1.
There exist at least one primitive element for every GF(q).



Examples for GF(g=p)
The elements of the field are the power of the primitive element
GF(q) ={0,1,2,..,qg — 1} ={a=®,a% al,a? .., a97%}
Remark: a9 1 =a% =1
Eg.GF(q=7)=1{0,1,2,3,4,5, 6}
Is 2 a primitive element? a = 27?
27 =0; 20=1; 21 =2; 22=4; 23=1; 24=23.2=2: 25=4,..NO!
a =37
37 =0: 39=1: 31=3: 32=2: 33=6 3%*=4: 3°=5 YES!
Therefore:
GF(q=7)={a">,a’al,a? ..,a97%} ={0,1,3,2,6,4,5}

011

We already known GF(g=2), that is the binary arithmetic: ca

Sum of binary vectors 001
Modulo 2 addition of the coordinates: /

101+011=110 (

000




Procedure of Code generation

* Define (N, K, q) parameter set for the required correction capability t.,, = ldmizn_ll

according the construction rules.
* Appropriate choice of the basis vectors in the N dimensional space that constitutes

the generator matrix G with the size of KxN to generate the valid code vectors of the

Code C
Defining the Base:

@ 9di1 Y12 Yin
G=192|=921 9Y22--92n
) ok e gk
Generating the code vectors:
x 5
r. - . .« (1, - TR gz - TR 5
Ci ulk Ik U; : U;
k=1 g_K_

Systematic code; advantage by the 2. step of decdding, because the code vector
contains the message vector:

G = [ﬁ : PK,N_K] orG = [PK,N_K : ﬁ] or

G:lPK,N—K—k PoIgg P Pgg




Example: Parity check code: (N=3, K=2, g=2)

Able to detect just one error: d;in=2, tger < dmins taet,y, = Amin —1 =1

011 111
u2 Ci/.
1 F10 11 001 101
C2
010 [
110
00 10
0 = —uy 0o IM.

0 1 0 1
Message-vector  Code-vector  Generator matrix Realization example
0 0 0 0 0 0
10 0 1] 5_[101 uz'ul—*@
0 1 0 1 1 | “lo 1 1
1 1 1 1 0 ‘

c = [Cl =Uq,Cp = Uy, C3 =u1+u2]

Systematic,|because contains the

. . Non systematic, but by changing rows or
unity matrix;

columns could be systematic




Processing of errors

There exists such a Parity check matrix H, that G - HT = 0
E.g. for systematic G = [IK,K : PK,N_K] generator matrix:

_. _PK,N—K _ _ _ _

H™ = = ;t‘ransponat}H - [_PK'N_K ~ _PN_K’K : IN_K'N_K]

In—kn-K
Appropriate because:
u-G-H =u-0=0=c¢c-H ' =H-¢cT
C

By transmitting through BSC or more generally through DMC (discrete memoryless
channel):

v=cCc+e
Using the parity check matrix H and the received vector ¥ the decoder could calculate
the so called syndrome vector:

T

T

sST=H-9"T=H-[c+e|]T=H-cT+H-e"=H-¢

:

Decision in the case of 5T = 07 :
* Trivial: ¥ = ¢;
* Unsolvable: U=



Processing of errors

In the case of T % 07 an equation system of N-K equations should be solved for
2 - t.orr Unknowns (each errors have two attributes: position and value)

sT=H-e"
The parity check matrix and the error vector:
A=[ & .. &)

The column vectors should be different and excluding 07, because they localizing the
errors.

e=10,0,..,e,..,€,..,0,..,0]
The syndrome vector:

T T
= S2 e; - hl + e -hl +
ST = Z en hz; = = l L2 l J2
n K :
SN—-K T 1.T
€ h'iN—K T € th—K +




Example: Binary Hamming (7,4,2)
Column in octal (e.g. 3=011) 3 5 6 7 1 2 4
1 1 0 1 1 0 0]
H=|1 0 1 1 0 1 0
0 1 1 1 0 0 1.
1 0 0 0 1 1 0
G = 0O 1.0 0 1 0 1
0O 01 0 0 1 1
0o 0 0 1 1 1 1
Message vector
u=[1 1 0 1]

Codevectorc=%-G=[1 1 0 1 1 0 0]
[Ug, Up, U, Uy, P1 = Uy + Up+UUy, P = Up + Us+Uy, P3 = Uy + Uz U]

Received vector (One error on BSC) Received vector (Two errors on BSC)
e=[0 0 0 0 0 0 1] e=[0 1 0 0 0 0 1]
v=c+é=[1 1 0 1 1 0 1] vp=c+e=[1 0 0 1 1 1]
Error correction: Error detection, parity check:
§T:ﬁ'ﬁT: [O] Pv1 ¢v1+v2+v4: O, y Pz = 1
e=[0 0 0 0 0 0 1]

c=[1 10 1 1 0 0]

u=[1 1 0 1]
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