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x · y 4<;>9[7>`�CD7>EsÄ�t*78C<\ I ´�CD7X:<KW469�9[BNi{Aun[b ν(G)
_-fDC<b<c�=M;�C

G
t²y�n�\M=0v+�!b6b6n[7>\mn[5

Z�\mn[iJAuC��-=mAu:<\m=M;�;W9V:<Au:<5�CDi�Z�Kp78Z�iDZ[7��

∗ ∗ ∗ ∗ ∗
G
t*y�n[5�\Mn[v+46b6EY3�465�78`�C<\MAJCD9[7rC<\miD4<785NC<i|C O t*AJCD\�46;>9�78`�CD7>Ej;W9V:<A{46i·x�`N=M;>9[n�5�iDZ[7V_ O t²AuC<\T5!n�A 46;>9[`S78CD78Ej;>9V:DA

;>9�4<K>9VC�7XC5Nn�A{`N46bDclÄ�t*78C<\»_�kNn�AuZ[b O t²AuC<\�;>n�Aº4<;>9[7>`�CD7>ESz I x F 3�4<5S7Xz
q 9[Z�Kp7

τ(G) ≤ 20
x�C<`N46\

τ
Cs\mn�v+46b6E3�465�7846iuAu=M5N=mAu:<\m=M;�;>9V:DAJ:D7¤]Wn[\m�6\M=�z I x¯«�3�465�7¡z

� b<c
ν(G) ≤ 20

=m;�=mb6C<9�C�7XC<5SBN\h7�n�b<c�;W9�n�KW�2�6;W;>9�n�v+�Nb6b6Z[;�;W9�n[K>=m5�7 I x F 3�465�7¡z
��n�b<c��N5Ni�« G 46\Mc6C<5|;>9�:<Au4D7V_aCDAun[\Mc6n[ij;Wn�A F t»f6n[\»_�;Wn�A O t²AuC<\©5!n�A 46;W9�`�C�78E6i�x�n�9[n�iSy�}6\ F<G k�C<K>C<yd=m;ofDC<50z¦Z[;
:<\m\MgM78;WBNis}6i<n�7�3�:<KWy�CYx+78n�78;W9�}6\Mn�b6n[;>n�5�z�C�« G kNC<K8C<yYÄ�t»7XC<\�46;>9�78`�C�78Es;>9�:<AuAuC<\ I ª�=M5NkNn[5Y=M\Mc<n�5l3�:<K�Z[\mn�Cb6K>:Dv+5�C<i
x�`N=M;>9�n[5�`NC{CD9�n[b<c�=mi{78Z�5�c<n�9�}�Ä�t*78C<\�46;W9[7>`�CD78E!_0C<iSi<46K�5�c�=m\MfD:<5YC;>9[46K>9�CD7�=m;8z I x F 3�4<5S7Xz
ª�46;W7�f6n[b<c��NiYC�« G k�C<K>C<y O t²AuC<\a46;W9[7>`�CD78E!_�k!nr3�:DK8CD7>\wC<5Y;>9�:<Au4D7�Z[;¦:D\m\mgh78;WBNiJ}6iDn[7x+78n�78;W9�}6\Mn�b6n[;>n�5�z�3�:DK>y�CY« G
k�C<K8CDyJ3�:<KW46;�_-kNn O t²AuC<\�5Nn�A 46;W9[78`NCD78E�;W9V:<A{AuC<\©x�n�9[n�iSy�}6\�=M; F<G k�C<K8CDyJfDC<50z I-q 9�n[i�Cr3N:<K>46i{=m;�Z�\Mn�=�Ceb6K>:Dv+5�C<i
x�`N=M;>9�n[5jC�7>Z�5�c6n[9�}6ili<�<9��N\'C<9�n[b<c�=mi O t*AJCD\»_-CsAu:<;W=mi F t*f6n[\@46;>9[`�CD7>EN_NgmbDc�C;>9[46K>9�CD7oÄ"t*7XCD\�46;W9[78`NCD78ESz I x F 3�4<5S7Xz
q 9[9�n[\�A{n�b�C<k-78BN5Ni F<G v+�!b6b6n[7>\mn[5JZ�\Mn[7

G
t*y�n[5a_NCDAu=My�}6\

ν(G) ≥ 20
iD�
f6n[7>i<n[9�=mi I � b<c{78n[`�:D7

ν(G) = 20
I x¯«¦3�465�7¡z

F



� � ± 4<5S7>;>BNirn�A{n�\Mn[78n[iSK>n�C�� q §¤¾~kN=wCDb6K8C<A =MK8:<5�c�gM7>4<7>7©b6K8:�v ]>:D7V_"AuC"]Wk�`�CD78:<K>4<9�9�B!ieA{n�b�C�v+n[\wC<kNCD7Tn[\Mf6Z[b69�Z[;>Z[`Nn�9
;>9��!i�;WZ�b6n[;¦A{=m5N=MAJ:D\m=m;�=MkN}<7�Z[;¦CiSK>=h78=miSBN;�KWZ�;W9[v+n�\mC<k�CD7>46i�CD7 �

3

24

6

2

4

3

8

14

1 1

3

5

12 2

2

4

3

F

C

E

D
I

A B

G H

∗ ∗ ∗ ∗ ∗
U 7XC<5SBN\h7Àx¹C¿5�c<n�\m}<iÁ=m;WAuZ�78n[\M72\Mn[fD:<b�:D;8:<y�E6\�:D\m\mE�zln[\¥]>:<K>:<;W72C<\mi�C<\MAJC<9�fDC C¿i<�
f<n[78iDn�9[}Án�A{n�\Mn[7>n�iSK>n�y�465�7X:<;p7

iDCD3�]WBNi � G H

E D I B C

F A

I x ¬ 3�4<5S7Xz

U i<n�9[kNZ�;W=©=MkN}6i �
E → 0

_
G → 4

_
F → 5

_
H → 7

_
D → 7

_
A → 7

_
I → 9

_
B → 11

_
C → 14

I x ¬ 3�465�7¡z
U i�KW=M7>=miSBN;�K>Z[;>9�v+n�\wCDk�CD784<i�C<9

E → G → A → B → C
?-78465lfDC<5N5�C<i I x F 3�465�7Xz

� � U 9sCD\w:<yNy!=¤`�:<\ME69VC�78y�C<5|CD9�Z�\Mn�i<n[5�iSghf-�!\�C
C
L�;W?NL�;W5�C<id=M;¦fDC<5di�C<3�C<L[=M7X:D;8C I U k�]WBN5Ni2A{n�b�n[b<c2AuC��-=mAu:<\M=m;

v+46\Mc6C<Au4D7
S
t²y�}6\

T
t²y�n{x�Z[;�yN=m9[465�c-gh78;WBNi�y�n�KWE6\wC-_!`N46bDc�AJC"�!=MAJ:D\m=m;8z �

(3)

(8)
(5) (6)

(9)

(4)

(9)

(4)

(6) (4)

(2) (2)

(3) (3)

(5)

A B

ED

T
C

S

∗ ∗ ∗ ∗ ∗
U

C
L�;>?!L�;>4D7�C<9Y:<yNK>:<5~\w:D7>`�CD7>E¢A{E�kN465��²;W9�Z�78`S?N9�9[BNi��jC −−−→

C1C2

Z�\M\mZD_T`N46b<c�C|v+n[\wC<k�C�784<7�f�=M;>;>9�CVf6n�9[n�;W;>�Ni C<9
n�K>n[kNn[7>=av+46\Mc6C<Asv+n�\wCDk�CD78K>C I x F 3�4<5S7Xz
U iDCD3�4<7W7�`�:<\ME69VCD7>y�C<5�fDC<5¢«
ÄZ�Kp78Z�iS�Yv+46\Mc6C<A x+\w:<;Wk�CD9�:<yNK8:�7¡z I x O 3�4<5S7Xz
¾¤C<\m:<\m`NCD78E�«
ÄsZ�Kp78Z[i��YfD:<b�:<;�=m; ��`�CuCD9

S
t²;Wn�\@n[b<cl46\mkNC<\mK>CC<9

A
_
C1

Z[;
E
L�;W?NL�;W46i�CD7¦7>n�;>;W9��Ni0_�C<iSi<46K�C{i�C<3�4<7W7

f<:Db�:<;>yNC<5YC<9
S
t*n[7�78C<KW78C<\mAuC<9�Ee46\mk�CD\mK>E<\aC

T
t*7�7XCDKW7XCD\mAuC<9�E�4<\mk�C<\MK8C�CD9 −→

SD
_ −→
AB

_ −−−→
C1C2

Z�; −→
ET

Z�\Mn�iJA{n�5!5Nn�i0�
n�9�n[i��6;>;W9�i�C<3�CDL�=M78:<;8C3�n�kN=MbsZ�3N3�n�5¢«
Ä I x ¬ 3�4<5S7Xz
U «
Ä�Z�Kp78Z[i��uf<:Db�:<;�yN=m9[465�c-gh7�]>C!_�`!46b<cl«
Ä�t*5�:<\�5�CDb<c646y!yuv+46\hc�C<A 5!n�A \mn[`Nn[7�_�gMb<csC�Aun[b�C<kN4<7W7�«
ÄrZ[KW7>Z�iS�Jv+46\hc�C<A
AJC��-=MAJ:<\M=m; I xp«�3�4<5S7Xz
x	�<E�A{n�b64<\mk�:<;�C<9�=M;�_�`�C�Cj«
ÄuZ�KW7>Z�iS�dv+46\Mc6C<A{`N469eiDZ�;W9�gM7>n[7W7�;>n[b6Z�kNb<K8:Dv+4<7o\mn�K>C"]W9�4<\¥]WBNilZ�;¦Aun[b6A�B!78CD7�]WBNi0_�`N46b<c
n�yNy�n�5YAJ:DK�5N=m5!L�;¤]>CVf-gh78E6?-7 I z

4 (6)
8 (9)

(9)

4 (4)
(3) (3)

3 (3)

4 (4)

4 (4)

7 (8)
(2)

5 (6) 5 (5)
4 (5)

1 (2)

1C 2C

A B

ED

TS
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.0/21 3�465�78469�:<;>=@?-78A�B!78CD78E

F<G6G6H!I :<3NKW=m\m=M; FD¬NI
P �+�
�N����Q'.������+�NR����+���S/T�

U 3�465�784<9V:<;W=�?!78A�B-7XCD7>EYL[Z�\^]>C!_a`N46bDcdCe]>C
f�gh78E6ijClk!46\mb64<9VCD7>46i�CD7on[b<c�;>Z�b<n�;>n[5�Z�Kp78Z[i<n�\^]WZ�i I$q 9�Z�Kp7rC<9s?!78A�B�t
7XCD7>E2Au=M5NkNn[5�v+n�\wCDk�CD7Yx+\mn�b6C<\w:<y!y�n�bDc�\mn[`Nn[7>;>Z[b6n�;8zA{n�b<46\mk�:D;8:<5�CDi|v+}<yNy~b6465NkN4<\wCD78C<=M7rZ�;sC<9Jn�9�n[iS`Nn�9YK>n[5NkNn�\h7
K>Z�;W9�3�465�78;W9V:<A{46i�CD7ri<�69[\m= I U 9u?-78A�B!78CD78E<5�C<i��������X��� �[�dClv+n[\wC<kNCD7846i�78n�\^]Wn�;�Z�Kp78Z�iS��A{n�b<46\mk�:D;8:<5�CDi2K>Z[;>9�\Mn[7>n�;
\mn�gMK8:<;>C!�NC\Mn�gmKp7�\mZ[3�Z[;>n[i�n�b<c�AJC��-=MAJ:<\M=m;�3�4<5S7>;>9�:<Au4D7�Z�K>}{A{n�b646\Mk�:<;)fD:<9[\wCD78:<5�C<i{78n[i�=M5�78`Nn�78}6i I

U 9�?-78A�B!78CD78E<y�C<5�v+n�\M7>�N5�78n�78n[7W7$K>Z�;W9�3�465�78;W9V:<A{46i�L�;>C<i�C<iSi<46K�]>:<K>5NC<i�C�Aun[b646\mk!E65�C<i0_V`�C�C�i�C<3�L�;W46\mE�kNE�b6465�t
kN46\wC�7�n[b<cu:D7>7>n�iS=m5�7>`Nn[7>}N_�f�=M\w:<b64<;8C<5s\mn[gmKp7�Z[;�A{n�b6=M5NkN46iD46\M7�A{n�b64<\mk�:<;�n[b<cJ\MZ�3�Z�;Wn�i<Z[5�7�;>9[n�K>n[3�n[\aCek!46\mb64<9VCD7>y�C<5 I
� b<c�3�Z�\mkN:<BN\@C<9�C<5�c6C<b6y�C<5Y;>9[n�KWn�3N\M}u=M;>A{n�K>n�78n[i�_�k!n[��5NgML�=ME6i0_!78Z�78n�\Mn�i�3NB!;>9[78C{\Mn�gMK8:<;>CC<9�46i�C<\mi�C<\MAJC<9�:<;8Cr5NZ�\Mi��!\
5Nn�A Z�K�3�4<5S7>4<7�x�A{Z�b�CDi�iD46Ko;Wn�AY_�`NCJn�b<c<Z�yNiDZ�5�7�fDC<\wC<A{n�\hc�=miJ\Mn�gMKW7�78Z[5ScjCuA{n�b<46\mk�:D;>y�C<5lfDC<\mE<y�C<5j;W9�n[K>n�3!`Nn�9
]WB!7¡z I U 5N5�CDidAuZ[K>\mn[b6n�\MZ�;Wn<_a`N4<b<c¢C<9s?!78AeB!7XCD7>E6y�C<5|v+n�\h78�N5�7>n[78n�7>7�3�465�78;>9�:<A£C�v+n�5�78=Mn�i2��b<c<n�\Mn�A�y�n[f<Z[78n[\mZ�f6n�\)C
Aun[b646\mk!E65�C<ijx�KWZ�;>9[y�n[5�fDC<b<cJn�b6Z[;>9[Z�y�n�50z¤]>:<Kpt*n<_!7>n�\¥]Wn[;�AuZ[KW7>Z�iSy�n[5jC¦]>CVf�gM78E`NCD7X:<;Wi<�6KWn I

§�Z�;W9�3�465�78;W9V:<A ]>:<K�A{=m5!kNn�524<\Mc�CD5j�<7>\mn[7>Z�Kp7V_�K>Z�;W9�A{n�b64<\mk�:<;WZ�Kp7V_�C<Aun[\Mc�y�}6\'CJkN46\Mb6469�CD78y�CD5j\mn[gmKp7�b<465NkN46\mCD7Wt
Aun[5Nn[7�C<\Mi�C<\mAuC<;)iS=Mn�b6Z[;>9�gh78Z[;>Z[f<n�\©Csv+n[\wC<kNCD7�`N=My�:D78\mC<5�A{n�b646\Mk�:<;>Cef646\M5�CiDCD3N`�CD7>E I U 9�?!7>A�B!7XC�78E6y�CD5Y;W9�n[K>n�3!\m}
K>Z�;W9�3�465�78;W9V:<A{46i;>9[�NiS;>Z[bn�;>n�78Z[5J784
fD:<yNy{=m;�46;W9[78`NCD78E6i I U 9�?!78AeB!7XCD7>E6y�C<5s\Mn�gmKp7>7>E6\Nn�\h78Z[K>}�]WErA{n�b64<\mk�:<;T7>n�KWAuZ¡t
;>9�n�78n[;>n�5�AJC"�!=MAJ:D\m=m;�3�465�784<7�Z�K I

ªY=m5NkNn[5dv+n�\wCDk�CD7« G 3�465�784D7�Z�K I U 9sn�\MZ�b6;WZ�b6n[;�`NCD7X:<K>C FD¬ 3�465�7 I U f�=m9[;>b�C"]Wn[b<c�y�nsC�kN4<\mb6469�CD7�3�465�78;W9V:<AuC
;>9V:DAugh7�y�n[\mnD_Ngmb<c�CkN46\mb<469VCD7>46iSK8C�46;W9[78:<\Mc�9VC�784<7�5Nn[A C<kNBN5!i I
 �0´�:<5�cJ4<\Mc�CD5�Ä G6G t²5�:<\�5!n�A 5�C<b<c<46yNya_�3�4<9�=M7>gMfn[b6Z�;W9

a
;>9�:<A fDC<5a_-C<Aun[\Mc�K>n�C<9

a · x ≡ 1 (mod 600)
\m=M5NnV:DK>=m;

i<465Nb<K>BNn[5NL�=mCsA{n�b<46\mkN`NCD78ES½

∗ ∗ ∗ ∗ ∗
U 7XC<5SBN\h7�78Z[7>n�\@;W9�n�KW=m5�7�C{\M=m5Nn�:<K>=M;)iD465Nb6KWBNn�5NL[=wC{C<iSi<46K�Z[;�L[;8C<ilCDi�iD46K�46\mk!`�CD78EA{n�b!_N`�C

(a, 600)|1 _¨x F 3�465�7¡z
f<CDb<c�=m;�`�C

(a, 600) = 1
I x¯«�3�465�7Xz

� b<cs78n�`N:D7�C�Ä G6G t²5N:<\05Nn�A 5�C<b<c<46yNya_!Ä G6G t*`N469�K>n[\wCD7>gMfs3NKWgmA 3�4<9�=M7>gMfsn[b6Z�;W9�n�iu;>9�:<AJ:�7V_Sf<CDb<c�=m;�kNn[��5!gmL�=ME�;>9[n�KW=m5�7
ϕ(600)

Z[KW7>Z�i<Z�7¦iDn�KWn�;>;W�Ni I x O 3�465�7¡z
ª�=Mf<n�\

600 = 23 · 3 · 52
_ xp«�3�4<5S7Xz

C�78C<5SBN\M7�iDZ�3N\Mn[7�;>9[n�KW=m5�7
ϕ(600) = (23−22)(3−1)(52−5) = 160

I � b<ce78n�`N:D7�«
Ä G kNy{=m\hc6n�5
a
\mZ[7>n�9[=mi I x O 3�465�7Xz

¼ � q bDc�AuZ[KW78C<5N=a;W46K>469�CD7�n�\M;>}s7XC<bV]>C ¬ «6_�i�f6E�L�=Mn�5N;Wn�� I x U ;>4<K>469�CD7�7XC<bV]>C<=�7>n�`�:D7�� ¬ «6_ F � �-_ F<G6G<H _
. . .
z I�� Z[3N9�n¡t

\mn[7>y�n[5l;>9�4<K>469[9�BNi��6;W;>9[neC;>4<K>469�CD7�n�\m;W} � G6G 7XC<bV]>:D7 I ª�='Ci�C<3�4<7>7�;W9V:<A B-7846\M;>E O ;>9V:DA�]Wn[b<c6nV½

∗ ∗ ∗ ∗ ∗
U ;>46KW469VCD7

i
t²n�k!=miu78C<bV]>C �

ai = 41 · 7i−1
I xp«�3�4<5S7Xz

� b<c
P = a1 · a2 · . . . · a800 = 41800 · 71+2+...+799 = 41800 · 7 800·799

2 = 41800 · 7400·799 I xp«�3�4<5S7Xz
ª�=Mf<n�\

(41, 1000) = 1
Z[;

(7, 1000) = 1
x F 3�465�7Xz

Z�;
ϕ(1000) = ϕ(23 · 53) = (23 − 22)(53 − 52) = 4 · 100 = 400

_ xp«�3�4<5S7Xz
n�9�Z[KW7�C<9 q BN\mn[Kpt��0n[K>AuCD7)7>Z[7>n�\@Z�Kp78n[\mA{Z�y�n�5

41400 ≡ 1 (mod 1000)
Z�;

7400 ≡ 1 (mod 1000)
I x F 3�465�7Xz

q y!y�}6\
P = (41400)2 · (7400)799 ≡ 12 · 1799 = 1 (mod 1000)

I x F 3�465�7Xz
� b<cJ7>n�`�:D7

P
B-7846\M;>Es`�:<KW46A ;W9V:<Ao]Wn�b<c<n G<G « I xp«�3�4<5S7Xz

� � ± =m9�4<5Sc�gh78;>B!iYy�n<_�`N46bDc�`NC
a
n�bDc�«<«[t²b<c<n�\$5Nn�A 46;W9[7>`�CD78EJn�b6Z[;>9e;W9V:<AY_�C<iSi<46K¦C<9

x3 ≡ a (mod 121)
i<465Nb�t

K>BNn[5NL�=mCsA{n�b<46\mkN`NCD78Elx�fDC<b<c�=m;�\MZ[78n[9�=Mi�46\Mc6C<5
x
n[b6Z�;W9<_�C<A{n�\Mc�KWn�C{iD465Nb6KWBNn�5!L�=wC�v+n[5N5�:<\M\�z I

∗ ∗ ∗ ∗ ∗
ª�=Mf<n�\

121 = 112
_0n�9[Z�KW7�`�C

a
«6«[t*b<c6n[\$5!n�Aº46;W9�`�7XCD7>EN_�C<iSi<46K

a
t²5�C<i�Z[;e« F «[t²5Nn[i�5N=M5NL�;�i<�69[�6;¦3!K>gmAr78Z�5�c<n�9�}"]Wn<_

gmb<c
(a, 121) = 1

I x F 3�465�7Xz
ϕ(121) = ϕ(112) = 112 − 11 = 110

_ x¯«�3�465�7Xz
gmb<cJC<9 q BN\mn[Kpt���n[K>AuCD7�78Z�78n[\@Au=mCD7>7

a110 ≡ 1 (mod 121)
I x¯«�3�465�7Xz

ª�=m5Nk!i<Z[7�46\Mk�C<\h7
a
t*fDC<\�;>9�4<K>469�f<C �

a111 ≡ a (mod 121)
I x F 3�465�7Xz

ª�=Mf<n�\
111 = 3 · 37

_Nn�9�gmbDc�=m;�gMK>`�C�78E �
(a37)3 ≡ a (mod 121)

I x F 3�465�7Xz
q 9�Z[3N3�n[5jCD9[7T]Wn�\Mn�5�78=¹_!`N46bDc

x = a37
fDC<\mE6yNC<5lAun[b646\mkN:<;8C�Cv+n�\mC<k�CD7>y�n[\m=�i<465!b6K>BNn[5NL�=m:<5�C<i I x F 3�4<5S7Xz
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`�C<\MAJCD9V:<5lC ∗ A��!f6n[\mn�78n[7�Ci<�
f<n[78iDn�9[}6i<Z[3N3�n[5 �

a ∗ b =
3
√

a3 + b3 − 8
�¦�65�78;W�Ni�n�\¹_N`N46b<c

R
L�;W463�4<KW784D7�C<\miD4<7Wt*n ∗ t²K>C�5NZ�9�f6n I

∗ ∗ ∗ ∗ ∗
´¦C

a, b, c ∈ R
_'CDi�iD46K

(a ∗ b) ∗ c = 3
√

a3 + b3 − 8 ∗ c = 3
√

a3 + b3 − 8 + c3 − 8 = 3
√

a3 + b3 + c3 − 16
Z�;

`�C<;>4<5N\mE�CD5
a ∗ (b ∗ c) = 3

√
a3 + b3 + c3 − 16

=m;�=Mb�C<9 I � b<clC ∗ Ae�!f6n[\mn[7�C<;W;>9[4-L[=wCD7>gMf R
t*n�5 I x O 3�465�7¡z

q bDc-;WZ�b6n[\mn[AºC F _NAun[KW7
a ∗ 2 = 2 ∗ a = 3

√
a3 + 8 − 8 = a

78n�\^]Wn�;W�N\@Au=M5NkNn[5
a ∈ R

n[;>n[7>Z�5 I x O 3�465�7Xz
a
t²5�C<i�C<iSi<46K�\mn[;>9�=m5�f6n[K>9�n

x
_S`�C

a∗x = x∗a = 2
_�C<9VCD9�`NC

3
√

a3 + x3 − 8 = 2
ISq yNy�}6\

x = a−1 = 3
√

16 − a3
_

f<CDb<c�=m;�A{=m5NkNn[5�n�\Mn�A{5Nn�iJfDC<5l=M5Sf<n�KW9�n I x O 3�4<5S7Xz
U v+n�5�78=Mn�i�A{=wCD7W7

R
L[;>463�46KW7>4<7�C<\Mi<4<7 ∗ t*K8C5NZ[9[f6n I xp«�3�465�7¡z

U 9�B!7>46\m;WE�«�3�465�7�C<5!5�C<i�]>:DK�_NCDi�=aC�i<46K>:<yNyN=a;W9V:<A{46\m:<;8C<=My�E<\�`Nn[\Mc<n�;�i<�
f<n[78iDn�9�78n[7>Z�;p7of6465Y\mnx¹C<iSi<4<K�=m;�_-`�Cn�b<c
`N=my�:D;�;>9V:DAu46\m:<;>y�E6\�C<K>K>CsiD�
f6n[7>i<n[9[78n�7V_�`N46b<c�5!n�A L[;>463�46KW7Xz I
� � U 9�C<\m:<yNyN=mC<iSy�C<5lC {p, q, r, s, t, u} CD\wC<3N`NC<\mAuC<9�4<5JZ�Kp78n[\mA{n�9�n�7>7 G

L[;>463�46Kp7�Ae�!f6n[\mn[7>=a7X:<y!\w:"]>C�\m:D78`�C�78E �

∗ p q r s t u

p u t q p r s

q t u p q s r

r q p s r u t

s p q r s t u

t r s u t p q

u s r t u q p
x U A��!f<n�\mn�78=�7X:DyN\wCl`�C<;W9�5�:<\mCD7XClZ�Kp78n[\mn�A{;>9[n�KW� �

a ∗ b
Z�Kp78Z�iDZ[7�C<9

a
t*5�C<idA{n�b<v+n[\mn[\m}l;>46K�Z�;rC

b
t*5Nn�i|A{n�b<v+n[\mn�\M}

46;>9[\m463li<n[K>n[;>9[7>n�9[}-kNZ[;>Z[y�n[527XC<\m:<\¥]WBNi0�-gmb<cJ3�Z[\mk�:<B!\
p ∗ q = t

Z[;
t ∗ u = q

I z
C6z�ª�n�5N5�c�=$C<9

u
n[\mn�A K>n�5!k�]Wn
½

y�z��)=miS\m=Mi�B!;�L�;>4<3�46Kp7Wt*n
G
½

x U A{n�b646\Mk�:<;W`N469ov+n�\h78Z�78n�\Mn�9[`Nn[7+]W�Ni0_�`N46b<c
G
fDC<\mE6yNC<5�L�;W463�4<KW7V_�n[9[7�yN=M9�465�c�gM78C<5N=a5Nn[A i<n[\m\ I z

∗ ∗ ∗ ∗ ∗
G
n�bDc-;WZ�b6n[\mn[Aun

s
_�Aun[KW7

a ∗ s = s ∗ a = a
Au=M5NkNn�5

a
n[\mn[AuKWnov+n�5N5�:D\m\ I x F 3�465�7¡z

C6z U 9
u
n[\mn�A `�CD7>fD:<5�c6C<=��

u1 = u
_
u2 = u ∗ u = p

_
u3 = p ∗ u = s

I x¯«�3�465�7¡z
ª�=Mf<n�\

u3
C<9�n�b<c�;>Z[b6n�\Mn�AºZ[;�n[9

u
C<\mC<L�;W465�c�C<yNyY`�CD7WfD:<5�c-=MK8C5Nn[Aº:<\m\�v+n�5N5a_�n[9�Z[KW7

u
KWn�5Nk�]Wn O!I x F 3�4<5S7Xz

y�z U iDZ�KWkNZ�;¦C<9<_N`!46b<c�fDC<5-t*n�C{L[;>463�46Kp78y�C<5YÄsK>n[5NkN�Yn�\mn[A I x F 3�4<5S7Xz
�©Z�\Mk�:<BN\'C

t
n[\mn�A `�CD7>fD:<5�c6C<=��

t1 = t
_
t2 = p

_
t3 = r

_
t4 = u

_
t5 = q

_
t6 = s

I�q yNy�}6\@\m:D78;W9�=mi0_�`N4<b<c
o(t) = 6

_
gmb<cJC{L[;>463�46Kp7�L�=miS\M=miSBN; I x O 3�4<5S7Xz
x U

t
n[\mn[Aun[5YiSghf-�!\@AuZ[buC

q
t²K>Ce78n[\¥]Wn�;W�N\»_!`N46b<clCKWn�5Nk�]WnrÄ I z

� ��®@n�bDc6n�5
G
f<Z�b6n[; U y�n�\ht*L�;W463�4<KW7uZ�;�\Mn�b<c<n�5

g, h ∈ G
i<Z�7�78n�78;W9�}6\Mn�b6n[;�n�\Mn�A I ªYB!7XC<;W;>BNi·Aun[bN_�`N46b<cÀ`�C

(o(g), o(h)) = 1
_�CDi�iD46K

o(g ∗ h) = o(g) · o(h)
I x U

G
t*y�n[\m=�A��!f<n�\mn�78n�7 ∗ t²b�C<\�]Wn�\M�6\M7>�Ni I U b6�<A�y��<\Mc���9V:DK>E�]Wn[\@C

\mn�b<5�C<b<c<46yNyli<�69[�6;�46;>9�78E<7�_
o
3�n[kN=mbsCD9�n[\mn[A K>n[5Nk�]WZ[7T]Wn[\m�6\M= I z

∗ ∗ ∗ ∗ ∗
ª�=Mf<n�\

G
U y�n�\ht*L�;W463�4<KW7V_@n[9�Z[KW7A{=m5Nk!n�5¢3�469[=M7>gMfdn[b6Z�;W9

m
t²KWnu=Mb�C<9{y�n[5N5Nn�C

(g ∗ h)m = gm ∗ hm
C<9�4<5N46;>;>:<b

x�`N=M;>9�n[5�A{=m5!kNn�b<c<_!`N4<b<c
m
kNC<K8C<y

g
t»7�Z�;

m
k�CDK8C<y

h
t*7�A{=m\hc6n�5�;W46K>KWn�5Nk!y�n[5j;>9[46K>9[BN5Ni��6;W;>9[n
z I xp«�3�465�7¡z

��n�9�n[;>;W�Nily�n�C<9
o(g) = k

Z[;
o(h) = l

]Wn[\m�6\MZ�;>n[i<n�7V_
G
n[b<c�;>Z[b6n�\Mn�A{Z[7T]Wn�\M�6\¥]Wn

e
I

q iSiD46K
(g ∗ h)kl = gkl ∗ hkl = (gk)l ∗ (hl)k = el ∗ ek = e

I x F 3�465�7¡z
®'n[b<c6n[5lAu46;p7

m
46\Mc6C<5li�=h78n�f6}N_�CDAun[\Mc�K>n

(g ∗ h)m = e
I U 9�7�i<n�\M\aA{n�b6A�B-7XCD7>5N=»_�`N46b<c

m ≥ k · l _N`N=M;>9�n[5ln�iSi<46KkNn[��5!gmL�=ME;>9[n�K>=M5�7�fDC<\ME6y�C<5
k · l = o(g) · o(h)

C
g ∗ h

KWn�5Nk"]Wn I xp«�3�4<5S7Xz
U 9

e = (g∗h)m
n[b<c6n[5N\mn�78n[7

k
t¯C<k!=miSK8C¦n[Aun[\Mf<n �

e = ek = (g∗h)mk = (gk)m∗hmk = em∗hmk = hmk
I x¯«�3�4<5S7Xz

ª�=Mf<n�\
o(h) = l

_@n[9�Z[KW7
hn = e

CDi�iD46K�Z�;�L[;8C<idCDi�iD46K�78n[\¥]Wn�;W�N\»_�`�C
l|n x�`!=m;>9[n�5

h
`NCD7>fD:<5�c�CD=m5�C<ij;>46KW469VCD78C�C<9

(l + 1)
t²n[kN=miu`�CD7>fD:<5�cS78E<\@i<n�9[k!f6nr3�n[K>=M4-kN=MiSBN;Xz I xp«�3�465�7¡z

U v+n�5�78=Mn�iSy�}<\'C<kNE�kN=mi0_N`N4<b<c
l|mk

I xp«�3�465�7¡z
ª�=Mf<n�\

(k, l) = 1
_!n�9�Z[KW7�n�yNy�}6\

l|m =m;�iD�
f6n[7>i<n[9�=mi I xp«�3�465�7¡z
U v+n�5�78=Mn�iS`Nn[9�`NC<;>465!\mE�C<5Yx�C<9

e = (g∗h)m
n�b<c<n�5N\Mn[78n�7

l
t*n�kN=MiSK>n�n�A{n�\MZ�;WZ�y�}6\�z$C<kNE�kN=mirC<9�=m;[_<`N4<b<c

k|m I xp«�3�465�7¡z
ª�=Mf<n�\

(k, l) = 1
_
l|m Z[;

k|m _�n[9�Z�Kp7
kl|m =m;�=mb6C<9<_�CDAu=My�}6\0fDC<\mE<y�C<5li<�
f6n�78iDn�9�=Mi0_�`N4<b<c

m ≥ k · l I xp«�3�4<5S7Xz
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G
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x + y
fDC<b<c

x · y 46;>9�78`�CD7>E��
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G
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G
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∗ ∗ ∗ ∗ ∗
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kN46\wC�7�n[b<cu:D7>7>n�iS=m5�7>`Nn[7>}N_�f�=M\w:<b64<;8C<5s\mn[gmKp7�Z[;�A{n�b6=M5NkN46iD46\M7�A{n�b64<\mk�:<;�n[b<cJ\MZ�3�Z�;Wn�i<Z[5�7�;>9[n�K>n[3�n[\aCek!46\mb64<9VCD7>y�C<5 I
� b<c�3�Z�\mkN:<BN\@C<9�C<5�c6C<b6y�C<5Y;>9[n�KWn�3N\M}u=M;>A{n�K>n�78n[i�_�k!n[��5NgML�=ME6i0_!78Z�78n�\Mn�i�3NB!;>9[78C{\Mn�gMK8:<;>CC<9�46i�C<\mi�C<\MAJC<9�:<;8Cr5NZ�\Mi��!\
5Nn�A Z�K�3�4<5S7>4<7�x�A{Z�b�CDi�iD46Ko;Wn�AY_�`NCJn�b<c<Z�yNiDZ�5�7�fDC<\wC<A{n�\hc�=miJ\Mn�gMKW7�78Z[5ScjCuA{n�b<46\mk�:D;>y�C<5lfDC<\mE<y�C<5j;W9�n[K>n�3!`Nn�9
]WB!7¡z I U 5N5�CDidAuZ[K>\mn[b6n�\MZ�;Wn<_a`N4<b<c¢C<9s?!78AeB!7XCD7>E6y�C<5|v+n�\h78�N5�7>n[78n�7>7�3�465�78;>9�:<A£C�v+n�5�78=Mn�i2��b<c<n�\Mn�A�y�n[f<Z[78n[\mZ�f6n�\)C
Aun[b646\mk!E65�C<ijx�KWZ�;>9[y�n[5�fDC<b<cJn�b6Z[;>9[Z�y�n�50z¤]>:<Kpt*n<_!7>n�\¥]Wn[;�AuZ[KW7>Z�iSy�n[5jC¦]>CVf�gM78E`NCD7X:<;Wi<�6KWn I

§�Z�;W9�3�465�78;W9V:<A¨]>:DK¤A{=m5NkNn[5�46\hc�C<5��D78\mn�78n[i<Z�Kp7V_6KWZ�;W9�A{n�b646\Mk�:<;WZ�KW7�_6C<A{n�\hc�y�}6\�CokN4<\mb6469�CD78yNC<5e\Mn�gmKp7¤b<465NkN46\mCD7Wt
Aun[5Nn[7�C<\Mi�C<\mAuC<;)iS=Mn�b6Z[;>9�gh78Z[;>Z[f<n�\©Csv+n[\wC<kNCD7�`N=My�:D78\mC<5�A{n�b646\Mk�:<;>Cef646\M5�CiDCD3N`�CD7>E I U 9�?!7>A�B!7XC�78E6y�CD5Y;W9�n[K>n�3!\m}
K>Z�;W9�3�465�78;W9V:<A{46i;>9[�NiS;>Z[bn�;>n�78Z[5J784
fD:<yNy{=m;�46;W9[78`NCD78E6i I U 9�?!78AeB!7XCD7>E6y�C<5s\Mn�gmKp7>7>E6\Nn�\h78Z[K>}�]WErA{n�b64<\mk�:<;T7>n�KWAuZ¡t
;>9�n�78n[;>n�5�AJC"�!=MAJ:D\m=m;�3�465�784<7�Z�K I

ªY=m5NkNn[5dv+n�\wCDk�CD7« G 3�465�784D7�Z�K I U 9sn�\MZ�b6;WZ�b6n[;�`NCD7X:<K>C FD¬ 3�465�7 I U f�=m9[;>b�C"]Wn[b<c�y�nsC�kN4<\mb6469�CD7�3�465�78;W9V:<AuC
;>9V:DAugh7�y�n[\mnD_Ngmb<c�CkN46\mb<469VCD7>46iSK8C�46;W9[78:<\Mc�9VC�784<7�5Nn[A C<kNBN5!i I
 ��´�:<5�cu4<\Mc�CD5l° ¬�G t*5NZ�\05Nn[A 5NC<b<c64<yNya_!3�469[=M78ghfn�b<Z�;>9

a
;W9V:<A fDC<5a_-C<A{n�\Mc�KWn¦C<9

a · x ≡ 2 (mod 540)
\m=M5NnV:DK>=m;

i<465Nb<K>BNn[5NL�=mCsA{n�b<46\mkN`NCD78ES½

∗ ∗ ∗ ∗ ∗
U 7XC<5SBN\h7�78Z[7>n�\@;W9�n�KW=m5�7�C\m=m5!nV:<KW=m;)iD465Nb6KWBNn�5!L�=wC{C<iSi<4<K�Z[;�L�;8CDilC<iSi<46K�46\MkN`�CD7>EAun[bN_N`�C

(a, 540)|2 _-fDC<b<c�=m;�`NC
(a, 540) = 1

f<CDb<c
(a, 540) = 2

I x F 3�465�7¡z
U 9�n�\M;>}sn�;Wn[78y�n�5jC\mn�`!n[78}<;>Z�b<n�i�;>9�:<AuCsk!n[��5NgML�=ME;>9�n[K>=M5S7

ϕ(540)
_ xp«�3�465�7¡z

f<CDb<c�=m;
ϕ(22 · 33 · 5) = (22 − 2)(33 − 32)(5 − 1) = 144

I x F 3�465�7Xz
(a, 540) = 2

CD9[7�]Wn�\mn[5�78=»_�`!46b<c
a
Z�;o° ¬�G 3NK>gMAe78Z[5�c6n�9[}6;�v+n[\my�465�7X:<;>:<y�C<5�C F C<9�n�b<c<n[7>\mn�5ji<�69[�6;¦3NKWgmA Z[;oC<9�=m;

n�\m;W}s`�CD7>fD:<5�c<465�;W9�n[K>n�3�n�\ I�q 9�3�n�kN=Mbs3�465�7>46;8C<5YC<iSiD46K�78n�\^]Wn�;W�N\»_N`NC{A{=m5Nk!i<Z[7�;W9V:<A{4<7rx
a
t*7�Z�;¦° ¬�G t²n[7Xz�i<n�7>7>}"f<n�\

46;>9�7>fDCuKWn�\wC�78gMfJ3NK>gMA ;>9�:<A{46i�CD7¦i�C<3!BN5Ni I ��C<b<c�=m;
a = 2b

C<iSi<4<K�Z[;¦L�;>C<iYC<iSi<46K�v+n�\Mn�\'A{n�buC{v+n�\h78Z�78n�\Mn�iS5Nn[i�_0`�C
1 ≤ b ≤ 270

Z[;
(b, 270) = 1

I xp«�3�465�7¡z
q 9[Z�Kp7�C<9

(a, 540) = 2
t*7�78n[\¥]Wn[;>gM7>}

a
t*i2;>9�:<AuCYA{n�b6n[b<c6n[9�=Mi|C F � G t²5NZ[\T5Nn[A 5�C<b<c<46yNya_ F � G t²`Nn[9{KWn�\mCD78ghf23NKWgmA

b
t*i�;>9�:<Au:
fDC<\¹_ x F 3�4<5S7Xz
C<Au=�kNn[�N5NgmL[=mEs;>9[n�K>=M5�7

ϕ(270)
_-f<CDb<c�=m;

ϕ(2 · 33 · 5) = (2 − 1)(33 − 32)(5 − 1) = 72
I x¯«�3�465�7Xz

� b<c�Cs\mn[`Nn[7>}6;>Z[b6n�i�;W9V:<AuC�6;>;W9�n[;>n�5
144 + 72 = 216

I xp«�3�4<5S7Xz
¼ ����C<\mC<Aun[\Mc

n
n[b6Z�;W9�K>n7>n�\¥]Wn[;>�N\¹_�`!46b<c

24n + 24
Z�;

n + 25
BNbDc�C<5�CD9[7�C�AuC<K8C<k!Z�i<4D7�C<k�]>:<i�« � ��t*LVC<\$46;W9[7>fDC I

ª�=@\mn[`Nn[7�n[9rCiD�69��6;�AuC<K8C<k!Z�i-½

∗ ∗ ∗ ∗ ∗
U v+n�\wCDk�CD7�C

24n + 24 ≡ n + 25 (mod 188)
\m=m5!nV:<KW=m;)iD465Nb6KWBNn�5!L�=wC I xp«�3�465�7¡z

µ 78K>n[5NkNn[9[f6n �
23n ≡ 1 (mod 188)

I xp«�3�4<5S7Xz
H t²L[n�\a;W9�46KW469[fDC �

207n ≡ 9 (mod 188)
_!fDC<bDc-=M;

19n ≡ 9 (mod 188)
I xp«�3�4<5S7Xz

« G t²9[n�\a;W9�46KW469[fDC �
190n ≡ 90 (mod 188)

_�C<9�C<9
2n ≡ 90 (mod 188)

I xp«�3�4<5S7Xz
F t*f<n�\@46;W9[7>fDC �

n ≡ 45 (mod 94)
_!fDC<b<c�=m;

n ≡ 45, 139 (mod 188)
I x¯«�3�465�7Xz

q y!y�}6\�n�\M\mn[5N}6K>9[Z�;W;>n�\�iS=mkNn[K>�N\¹_�`N4<b<c ¬ °¢`�C<A{=m;{b<c<�6i x�C<Au=�C « G t²9[n�\�;>9�4<K>9V:D;>5�:<\�]W�<7>7uy�nVz�_�gmb<c·C�A{n�b64<\mk�:<;
n ≡ 139 (mod 188)

I x O 3�4<5S7Xz
q y!y�}6\

n + 25 ≡ 164 (mod 188)
_!fDC<b<c�=M;�C{iDn�K>n[;>n�7>7�i<�69[�6;�AuC<K>C<kNZ�i�«
Ä ¬NI x F 3�465�7¡z

U \M=m5Nn�:<K>=M;�i<465Nb<K>BNn[5NL�=mCJ5�C<b<c<4652;W46i�v+Z�\mn[i<Z[3N3dAun[b646\MkN`�CD7>Eo]WE<\)x+3�Z[\mk�:DBN\$C{v+n�5�7>=m5NZ[\©KW�"f�=MkNn�yNy�_�`�CDAu=M;�bDc6�6iD�<7
5Nn�A y�n�`!469�EuAun[b646\mkN:<;W7�i�C<3!BN5Ni0_0`�CuCD9�n[\m;W}u\MZ�3�Z�;>y�n�5 �"t*7>n�\a;W9�46KW9�BN5!i!z I U \M=m5Nn�:<K>=M;�i<465!b6K>BNn[5NL�=mCuA{=m5Nk!n�5e]WE
Aun[b646\mkN:<;8C�Ä�3�465�784D7�Z�K�x�Co`N=my�:D;8C<irC<K8:D5Sc<46;8CD5uiDn[f6n[;>n[yNy�n�7¡z I U i�=NC¦v+n�5�78=NA{n�b<46\mk�:D;W7TgMK+]>C!_�kNn�5Nn[A v+46b6\mC<\miD469�=Mi

H



Cj`�C<A{=m;rb<c6�6i¢iS=m;W9��NKWZ�;>Z�f6n[\»_�C<9�Z[KW7>n�\mn[Au;W9�n[K>�Nn[5·CjÄ23�465�7>y�E6\ O t²CD7�i�C<3�]W4<5 I ´�C�fDC<\wC<iS=�L�;>C<i�C<9�7n�\M\mn[5N}6K>9[=»_
`N46b<c

(23, 188)|1 _�gmb<c2CliD465Nb6KWBNn�5!L�=w:D5�C<ijfDC<5|A{n�b646\Mk�:<;>C!_�kNn{C�A{n�b646\Mk�:<;p7�iS=m;>9�:<A{46\m5N=©5Nn�A 78BNk�]>C-_@C<9Yx¹CD9
:D78KWn�5NkNn[9�Z[;>;>n[\�n[b<c��!7>7��6;>;W9�n[;>n�5�z O 3�465�784<7�i�C<3�]W4<5 I�� 9V:<A{46\m:<;>=�`N=My�:<iDZ�KW7�«[t8«�3�465�7�f6465�CD5NkNE�\Mn<_�kNn�CrAuC<K8CDkNZ�i
3�465�7>;>9V:DA L�;>C<ilC<iSi<46K¤]>:<K[_N`�CsCs`N=my�C�A{=wC�7>7�C�v+n�\mC<k�CD7�5Nn�Aº\Mn[7>7�\MZ�5�c6n[b6n�;Wn�5�i<�65N5�c<n�yNy I
� � U 9

(an)
;>46KW469VC�784<7�Z[KW78n[\mA{n�9[9��NidC�iD�"f<n[7>i<n�9[}dK>n[i�B!K>9�=ME6;�i<Z[3N\mn�7>78n[\��

a1 = 25
Z�;

an+1 = 4an − 3
A{=m5Nk!n�5

n ≥ 1
n�b<Z�;>9sn[;>n[7>Z�5 I x U ;>46KW469VC�7o7XC<bV]>C<='78n[`�:D7 � F °-_ H �-_ O �6°-_ I�I[I zoª�=M\Mc<n�5|AJCDK8C<kNZ[i<4<7�C<k|C�;>46KW469VC�7�n�\m;W} F °

7XC<bV]>:<5�C<i{;>9[46K>9�CD7XC
� F t»f6n[\@46;>9�7>fDC�½

∗ ∗ ∗ ∗ ∗
ª�=m5Nk!n�5

n
t²KWn

an ≡ 25 (mod 72)
7>n�\¥]Wn[;>�N\ I�� b<c6C<5N=M;�n[9

n = 1
t²KWn�=mb�C<9D_6`�C�3�n[kN=mb�fDC<\wCDAun[\Mc

n
t²KWn�AJ:<KTv+n[5N5�:<\M\»_

C<iSi<46K
an+1 = 4an − 3 ≡ 4 · 25 − 3 = 97 ≡ 25 (mod 72)

=m;�=Mb�C<9 I x F 3�465�7Xz
q 9[Z�Kp7

a1 · a2 · . . . · a25 ≡ 2525 (mod 72)
I xp«�3�465�7¡z

ª�=Mf<n�\
(25, 72) = 1

x¯«�3�465�7Xz
Z�;

ϕ(72) = ϕ(23 · 32) = (23 − 22)(32 − 3) = 24
_ x¯«�3�465�7¡z

n�9�Z[KW7�C<9 q BN\mn[Kpt��0n[K>AuCD7)7>Z[7>n�\@A{=wCD7W7
2524 ≡ 1 (mod 72)

I x F 3�465�7¡z
ª�=m5Nk!i<Z[7�46\Mk�C<\h7 F °"t»78n[\a;>9[46K>469�fDC �

2525 ≡ 25 (mod 72)
I x¯«�3�465�7Xz

� b<cJ7>n�`�:D7�C<9�n[\m;>} F °e78C<bs;>9�4<K>9VC�7XC F °�AJC<K>C<kNZ[i<4<7�C<k�� F t*f6n[\@46;>9�7>fDC I x F 3�4<5S7Xz
� � q b<c¢5NZ[b<c�9�n�78n[7��65NAuC<b�:<y�C�f�=Mf<}j78n[5Nb6n�\hc6n[;r78�!i�KW�69�Z[;>n[i<n[7o]Wn[\m�6\^]Wn

t1
_
t2
_
t3
Z[;

t4
C<9

:<yNK8C�;>9[n�K>=M5�7 I �<n�\m�<\¥]Wn�784
fD:<yNy�:eCr5NZ[b<c�9�n[7�iD�69�Z[3N3�465�7�]>CeiD�6K>�N\M=
α
;>9[�6b6�|x+3�4<9�=M7>gMf�_�fDC<b<c�=m;

C<9uE<K8C<A�B-7XCD7>E�]>:DK8:<;>:
fDC<\�n[\m\mn[5�78Z[7>n�;�v+46K>b6:<;>=MK8:<5�c|;>9[n�KW=m5�78=wz�n[\Mv+46KWb�CD78:<;W7
fα

I U k�]WB!i¢A{n�b
C<9�C<\w:DyNyN=aA��-f6n�\Mn[7>n�i�n[K>n�k!AuZ[5Sc<Z[7oC

D4

kN=mZ[kNn�KWL�;W463�4<KW78yNC<5 �
C6z

t3 · f90◦
y0z

(t1 · t2)−1

t2

t4

t3 t1

∗ ∗ ∗ ∗ ∗
C�z U 5!Z�b<c�9�n�7�L�;>?!L�;8CD=m5�C<i�Aun[b
]Wn[\m�6\MZ�;WZ[f6n[\¤5�c64<Au465diD�
f6n[7>`Nn[7>}N_@`N46bDcjn[\m}6;W9��6K

f90◦
t²n[7�_�AuC"]Wk

t3
t²CD7on[\Mf6Z[b6n�9�f6n

C L�;>?!L�;>4<i iDZ�3�n�=�`N4<\�\mn[;>9�5!n�i x�\m:<;>k CD9 :DyNK8:D7Xz I ®$:�78`�CD7>EN_�`N4<b<c C
t1
t²n�7ÀC<\mi�C<\MAJCD9[fDCÁC L�;W?NL�;W46i i<Z[3�n[=

Aun[b6n�b<c<n�9[5Nn�ilC
(t3 · f90◦)

t²i�C<\�f<n[7W7¦iDZ�3�n�=miSiDn�\»_0gMb<c
t3 · f90◦ = t1

I x»°�3�4<5S7Xz

t3f90

A D

A BCB

CD DC

ABy�z U v+n[5�78=m`!n�9�`�C<;W465N\mE6C<5lAun[b6A�B!78CD78`�C�78EN_-`N46b<c
t1 · t2 = f180◦

I x F 3�4<5S7Xz
ª�=Mf<n�\@3�n�kN=Mb

f180◦ · f180◦ = I
_Nn[9�Z[KW7

(f180◦)
−1 = f180◦

I � b<c
(t1 · t2)−1 = f180◦

I x O 3�4<5S7Xz
U iS=¤C<9eC�z�v+n�\wCDk�CD78yNC<5jCuA��!f6n[\mn�78n[7�v+46K>k!gM784D7>7�;>46KWK>n[5NkNy�n�5~x+kNn�]WE6\wz�f<Z�b69[=�x+Z�;ogMb<c

t2
t»7¦i�C<30z¡_�CD9 F 3�465�784D7

f6n�;W9�gh78;>n[5|x�Z[;)BNbDc�C<5Nn[9�Z[KW7�C�`N=myN:<Z�Kp7)C�y0zTv+n�\wCDk�CD78yNC<5uAu:<K�5Nn�]>:<K+]W4<5u3�465�78\Mn[f64<5�:<;Xz I U iS=�]WE�;>4<K>K>n[5NkNy�n�5Jf<Z�b69[=
CsAe�!f6n[\mn[7>n[7�_�kNn�C

90◦
t²4<;�v+46K>b�C�7X:<;W;8C<\an[b<c��!7>7

t3
t²CD7�=m;�n[\Mv+46KWb�CD7�]>C�x�Z�;�gMb<cJfDC<\ME�]>:<y�C<5

t4 · f90◦
t*4<7�f6Z[b69�=@n[\�z�_NC<9

O 3�465�784D7�f6n�;W9�gh78;>n[5 I
� �S®@n[b<c6n[5C<kN4<7W7TC�fDC<\mE6;';W9V:<A{46i

R
`�C<\MAJC<9�:<5rC ∗ Ae�!f6n[\mn[7 I ¾©n[b<c��Ni�v+n[\»_
`N4<b<c (R, ∗) L�;W463�4<KW7V_�C<A{n�\hc�=m9[46A{46KWvC¢5SBN\M\w:D7>E6\�iS�N\m�<5�y��69[}¢fDC<\ME6;;>9�:<Au4<i�;>9�4<K>9V:D;>;8CD\�f<n[7>7uL�;W463�46KW7+]>:
fDC<\ I ¾©B!k�]WBNi�784
fD:<yNyN:!_�`N46b<c�v+n[5N5�:<\M\m5�CDi�C

i<�
f6n�78i<n[9�}�n[b<c6n[5N\m}<;>Z�b<n�i �
3 ∗ 3 = 7

_
5 ∗ 5 = 7

_
7 ∗ 7 =

√
2
Z�;

9 ∗ 9 =
√

2
I ´¦C�7X:<KW469�9[BNi�A{n�b

3 ∗ 5
Z[KW78Z[i<Z�7 �

∗ ∗ ∗ ∗ ∗
®'n[b<c6n[5

f : R → R \ {0} =m9[46A{46KW��9[A�BN;�C<9 (R, ∗) Z[;�C<9 (R \ {0}, ·) L�;W463�46KW7>46i�iD�69��D7>7 I ®@n�b<c<n�5 f(3) = a
_

f(5) = b
_
f(7) = c

_
f(9) = d

Z[;
f(
√

2) = e
I x F 3�465�7¡z

q iSiD46Ke78n[`�:D7�C�v+n�\mC<k�CD7>y�C<5¢Aun[b�C<kN4<7W7en[b<c6n[5N\m}<;>Z�b<n�i¸x+Z�;CD9J=m9[46A{46KW�0ClkNn���5NgmL[=mE�]>CYAu=mCD7>7Xz
a2 = c

_
b2 = c

_
c2 = e

Z�;
d2 = e

I x F 3�465�7¡z
U 9on[\m;>}ei<Z[7�n[b<c6n[5N\mn�78y�}6\

b = −a
x+`N=m;W9�n[5

3 6= 5
Au=mCD7>7

a 6= b
z I�� 5N5Nn�5

ab = −a2 = −c
I ª�:<;>KWZ�;>9�7�C�AJ:D;>4�kN=mi

i<Z[7�n[b<c6n[5N\mn�78y�}6\
c2 = d2

_NgMb<c −c = d
x�`!=m;>9[n�5

c = d
=m;>A{Z[7�\mn�`!n[78n�78\Mn�50z I0q 9[n�iSy�}6\a78n[`�:D7

ab = d
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